We review some applications of tree-level classical relations between gravity and gauge theory that follow from string theory. Together with D-dimensional unitarity, these relations can be used to perturbatively quantize gravity theories, i.e. they contain the necessary information for obtaining loop contributions. We also review recent applications of these ideas showing that N = 1 D = 11 supergravity diverges, and review arguments that N = 8 D = 4 supergravity is less divergent than previously thought, though it does appear to diverge at ve loops. Finally, w e describe eld variables for the Einstein-Hilbert Lagrangian that help clarify the perturbative relationship between gravity and gauge theory.
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On Perturbative Gravity and Gauge Theory In this talk we describe recent work 1 5 on perturbative relations between gravity and gauge theories. Although gauge and gravity theories are similar in that they both have a local symmetry, their dynamical behavior is quite di erent. For example, in four dimensions gauge theories are renormalizable and exhibit asymptotic freedom, neither of which property is shared by gravity. The structures of the Lagrangians are also rather di erent: the Yang-Mills Lagrangian contains only up to four-point i n teractions while the Einstein-Hilbert Lagrangian contains in nitely many interactions. Nevertheless, in the context of perturbation theory, it turns out that tree-level gravity amplitudes can, roughly speaking, be expressed as a sum of`squares' of gauge theory amplitudes. These tree-level classical relations between gravity and gauge theory amplitudes follow from the Kawai, Lewellen and Tye KLT 6 relaThis research was supported by the US Department of Energy under grants DE-FG03-91ER40662, DE-AC03-76SF00515 and DE-FG02-97ER41029. y Presenter at Third Meeting on Constrained Dynamics and Quantum Gravity, Villasimius Sardinia, Italy September [13] [14] [15] [16] [17] 1999 and at the Workshop on LightCone QCD and Nonperturbative Hadron Physics, University of Adelaide Australia December 13-22, 1999. tions between open and closed string tree amplitudes. When combined with the D-dimensional unitarity methods described in refs. 7, 8 , it provides a useful tool for investigating the ultraviolet behavior of gravity eld theories. The unitarity methods have also been applied to QCD loop computations of phenomenological interest and to supersymmetric gauge theory computations 7,26 . Ultraviolet properties are one of the central issues for perturbative gravity. Although gravity is non-renormalizable by power counting, no divergence has, in fact, been established by a direct calculation for any supersymmetric theory of gravity in four dimensions. Explicit calculations have established that non-supersymmetric theories of gravity with matter generically diverge at one loop 9 11 , and pure gravity diverges at two loops 12 . However, in any supergravity theory in D = 4, supersymmetry Ward identities 13 forbid all possible one-loop 14 and two-loop 15 counterterms. Thus, at least a three-loop calculation is required to de nitively address the question of divergences in four-dimensional supergravity. There is a candidate counterterm at three loops for all supergravities including the maximally extended version N = 8 16,17 . However, no explicit three loop super gravity calculations have For there to be cancellations of divergences beyond this, the theory would require a symmetry which w e do not fully understand yet.
With traditional perturbative approaches 18 to performing explicit calculations, as the number of loops increases the number of algebraic terms proliferates rapidly beyond the point where computations are practical. Consider the ve-loop diagram in g. 1 which, as described below, is of interest for ultraviolet divergences in N = 8 D = 4 supergravity. In de Donder gauge the pure graviton diagram contains twelve vertices, each of the order of a hundred terms, and sixteen graviton propagators, each with three terms. When expanded, this yields a total of roughly 10 30 terms, even before performing any l o o p i n tegrations. Needless to say, this is well beyond what can be reasonably implemented on any computer.
Our approach for dealing with this is to reformulate the quantization of gravity in the context of perturbation theory using the KLT relations together with D-dimensional unitarity.
The nal topic of this talk will cover some recent progress in understanding the KLT relations from a Lagrangian point of view 4 . It turns out that with an appropriate choice of eld variables one can separate the Lorentz indices appearing in the Lagrangian into`left' and`right' classes 19,4 , mimicking the similar separation that occurs in string theory. Moreover, with further eld redenitions and a non-linear gauge choice it is possible to arrange the o -shell three graviton vertex so that it is expressible in terms of a sum of squares of Yang-Mills three gluon vertices.
Method for Investigating Perturbative Gravity
Our formulation of perturbative quantum gravity is based on two ingredients:
1 Tr T a 1 T a n A tree n 1; : : : ; n ; where S n =Z n is the set of all permutations, but with cyclic rotations removed, and g is the gauge theory coupling constant. The T ai are fundamental representation matrices for the Yang- 
Cut Construction of Loop Amplitudes
We n o w outline the use of the KLT relations for computing multi-loop gravity amplitudes, starting from gauge theory amplitudes. Although the KLT equations hold only at the classical treelevel, D-dimensional unitarity considerations can be used to extend them to the quantum level. The application of D-dimensional unitarity has been extensively discussed for the case of gauge theory amplitudes 7,8 so here we describe it only brie y.
The unitarity cuts of a loop amplitude can be expressed in terms of amplitudes containing fewer loops. For example, the two-particle cut of a oneloop four-point amplitude in the channel carrying momentum k 1 + k 2 , as shown in g. 2, can be An important advantage of the cutting approach is that the gauge-invariant amplitudes on either side of the cut may be simpli ed before attempting to evaluate the cut integral 8 .
Recycling Gauge Theory Into Gravity Loop amplitudes
Consider the one-loop amplitude with four identical helicity gravitons and a scalar in the loop 2,3 . The cut in the s 12 By symmetry, the tree amplitudes appearing in any of the other cuts are the same up to relabelings.
Combining all three cuts into a single function that has the correct cuts in all channels yields 
is the scalar box integral depicted in g. 3 with the external legs arranged in the order 1234. In eq. 3 the numerator P is 8 . The two other scalar integrals that appear correspond to the two other distinct orderings of the four external This can be extended to an arbitrary numberof external legs. Using the cutting methods we h a v e also calculated the ve-and six-point amplitudes. By demanding that the amplitudes have the correct factorization properties as momenta become either soft or collinear 7,25 we have found an ansatz for the one-loop maximally helicity violating amplitudes for an arbitrary number of external legs 2,3 , These amplitudes are not ultraviolet divergent and thus do not depend on a cuto . By unitarity considerations any fundamental theory of gravity must therefore necessarily yield the one-loop amplitudes 5 and 6 in the low energy limit. The tree amplitude can, however, have a contribution of the same dimension as that of the oneloop amplitude; this contribution would depend on the details of the underlying fundamental theory. The ability to obtain exact expressions for gravity loop amplitudes demonstrates the utility of this approach for investigating quantum properties of gravity theories. As our next example, we turn to the divergence properties of maximally supersymmetric theories.
Maximal Supergravity
Maximal N = 8 supergravity can be expected to be the least divergent of the four-dimensional supergravity theories due to its high degree of symmetry. Moreover, from a technical viewpoint maximally supersymmetric N = 8 amplitudes are by far the easiest to deal with in our formalism because of spectacular supersymmetric cancellations. For these reasons it is logical to re-investigate the divergence properties of this theory rst 1 . It should be possible to apply similar methods to theories with less supersymmetry.
Cut Construction
Again we obtain supergravity amplitudes by re- . This fact allows us to iterate the two-particle cut algebra to all loop orders! Although this is not su cient to determine the complete multi-loop four-point amplitudes, it does provide a wealth of information.
Applying eq. 8 at one loop to each of the three channels yields the one-loop four graviton amplitude of N = 8 supergravity, A t t w o loops, the two-particle cuts are given by a simple iteration of the one-loop calculation. The three-particle cuts can be obtained by recycling the corresponding cuts for the case of N = 4 super-Yang-Mills. It turns out that the three-particle cuts introduce no other functions than those already detected in the two-particle cuts. Combining all the cuts into a single func- are depicted in g. 4. We comment that using the two-loop amplitude 9, Green, Kwon and Vanhove 28 provided an Since the two-particle cut sewing equation iterates to all loop orders, one can compute all contributions which can be assembled solely from twoparticle cuts. The ve-loop integral in g. 1, for example, falls into this category. Counting powers of loop momenta in these contributions suggests the simple niteness formula, L 10=D,2 with L 1, where L is the numberof loops. This formula indicates that N = 8 supergravity is nite in some other cases where the previous superspace bounds suggest divergences 17 , e.g. D = 4, L = 3. The rst D = 4 counterterm detected via the two-particle cuts of fourpoint amplitudes occurs at ve, not three loops. A recent improved superspace power count is, however, in agreement with this niteness formula 29 . Further evidence that the niteness formula is correct stems from the MHV contributions to m-particle cuts, in which the same supersymmetry cancellations occur as for the twoparticle cuts 1 . However, further work would be required to prove that other contributions do not alter the two-particle cut power counting. A related open question is whether one can prove that the ve-loop divergence encountered in the two-particle cuts does not cancel against other contributions.
Implications for the Einstein-Hilbert Lagrangian
Consider the Einstein-Hilbert and Yang-Mills Lagrangians,
The Einstein-Hilbert Lagrangian does not exhibit any o b vious factorization property that might explain the KLT relations. We now outline some recent w ork 4 in interpreting the KLT relations in terms of the Lagrangians. See also ref. 19 . One of the key properties exhibited by the KLT relations 1 is the separation of graviton Lorentz indices into`left' and`right' sets. Consider the graviton eld, h . The KLT relations suggest that it should be possible to assign one Lorentz index as being associated with a`left' gauge theory and the other to a`right' one. Of course, since h is a symmetric tensor it does not matter which index is assigned to the left or to the right, but once the choice is made we w ould like to rearrange the gravity Lagrangian so that left indices only contract with left ones and right ones only with right ones. Using the KLT relations we can systematically nd a Lagrangian with the desired proper-ties order-by-order in the perturbative expansion by reversing the usual procedure of obtaining Smatrix elements from a Lagrangian. In ref. 4 , an appropriate eld rede nition for connecting this Lagrangian to the standard Einstein-Hilbert one was described.
In conventional gauges, the di culty of factorizing the Einstein-Hilbert Lagrangian into left and right parts is already apparent in the kinetic terms. In de Donder gauge, the quadratic part of the Lagrangian is The appearance of the trace h in eq. 10 is unacceptable since it contracts a`left' and`right' index. In Minkowski space, one of any t w o contracted indices should be raised using , but this is suppressed here. Moreover, the propagator contains explicit dependence on the dimension D, which m ust somehow cancel from the tree-level S-matrix elements since there is no such dependence in the KLT relations or in the gauge theory amplitudes.
In order for the kinematic term to be consistent with the KLT equations, all terms which contract a`left' Lorentz index with a`right' one should be eliminated. In ref. 31 a dilaton eld was introduced to allow for a eld rede nition that removes the graviton trace from the quadratic terms in the Lagrangian. The appearance of the dilaton as an auxiliary eld to help rearrange the Lagrangian is motivated by string theory which requires the presence of such a eld. Following the discussion of refs. 31,4 , consider the Lagrangian for gravity coupled to a dilaton, L EH = 2 2 p ,g R + p , g @ @ :
Since the auxiliary dilaton eld is quadratic in the Lagrangian, it does not appear in any tree diagrams involving only external gravitons 4 .
It therefore does not alter the tree S-matrix of purely external gravitons. For theories containing dilatons one can simply allow the dilaton to be an external physical state. is the color ordered Gervais-Neveu 32 YangMills three vertex, from which the color factor has been stripped. This is not the only possible reorganization of the three vertex which respects the KLT factorization. The main reason for using the above v ertex is its simplicity. This represents some initial steps in reorganizing the Einstein-Hilbert Lagrangian so that it respects the KLT relations. A complete derivation of the KLT expressions starting from the Einstein-Hilbert Lagrangian is, however, still lacking.
Conclusions
In this talk we described progress in understanding perturbative quantum gravity thorough use of the Kawai-Lewellen-Tye string relations 6 and D-dimensional unitarity 7,8 . This provides an alternative w a y to perturbatively quantize gravity theories, without direct reference to their Lagrangians or Hamiltonians, and leads to a relatively e cient organization of the gravity Smatrix. Known gauge theory tree amplitudes can be recycled into gravity tree amplitudes which can then be recycled into gravity loop amplitudes.
Using this approach, we described the argu- supergravity diverges and is not protected by a n ỳ magic' of M theory. Further elaboration of the structure of the counterterm may be found in ref. 30 . The two-loop supergravity amplitude 9 has also been used by Green, Kwon and Vanhove 28 to verify a non-trivial M theory duality.
There are a number of interesting open questions. For example, the methods described here have been used to investigate only maximal supergravity. It would be interesting to systematically re-examine the divergence structure of nonmaximal theories. Some very recent w ork on this may be found in ref. 33 . Using the methods described in this talk it might, for example, be possible to systematically determine niteness conditions order-by-order in the loop expansion. A direct derivation of the Kawai-Lewellen-Tye decomposition of gravity amplitudes in terms of gauge theory ones starting from the Einstein-Hilbert Lagrangian perhaps would lead to a useful reformulation of gravity. Connected with this is the question of whether the heuristic notion that gravity i s the square of gauge theory can be given meaning outside of perturbation theory. It would also be interesting to know whether it is possible to relate more general solutions of the classical equations of motion for gravity to those for gauge theory.
In summary, in this talk we discussed how the heuristic notion that gravity gauge theory 2 can be exploited to develop a better understanding of perturbative gravity.
